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Recently, Zharkov and Blinkov introduced the notion of involutive bases of polynomial
ideals. This involutive approach has its origin in the theory of partial di erential equations and is a translation of results of Janet and Pommaret. In this paper we present a
pure algebraic foundation of involutive bases of Pommaret type. In fact, they turn out
to be generalized left Grobner bases of ideals in the commutative polynomial ring with
respect to a non-commutative grading. The introduced theory will allow not only the
veri cation of the results of Zharkov and Blinkov but it will also provide some new facts.

1. Introduction

Nowadays, the search for improvements of Buchberger's Algorithm for the computation
of Grobner bases (see Buchberger, 1965, 1985) is one of the main research directions
in Computer Algebra. Recently, Zharkov and Blinkov reported about a completely new
approach to the problem (Zharkov and Blinkov, 1993). They translated involutive methods originating from the theory of partial di erential equations (see Janet, 1929; and
Pommaret, 1978) in the language of polynomial ideals. This provides the class of socalled involutive bases (see Zharkov and Blinkov, 1993; and Zharkov, 1994a,b) and a
constructive method for their computation. The involutive bases turned out to be special
redundant Grobner bases and, hence, they lead to a second method for the computation
of Grobner bases which at rst sight is completely di erent from Buchberger's Algorithm
(cf. Figures 1 and 2).
Comparing Grobner bases and involutive bases of Pommaret type, also called Pommaret bases, Zharkov and Blinkov stated the latter to be superior for two reasons. They
claimed that involutive bases contain more information about the structure of the ideal
due to the redundancy. Furthermore, they reported a series of examples tested using both
methods showed a much better time behaviour of the new method. It is a fact, however,
that the method of Zharkov and Blinkov cannot have lower than a double exponential
worst case complexity because this bound for Grobner bases results from an input{
output consideration. Even in the zero-dimensional case there are obvious examples for
whichBuchberger's Algorithm is faster than the method of Zharkov and Blinkov: e.g.
F = x3 + y2 + z 3; y3 + z 2 + x 3; z 3 + x2 + y 3 . F is (reduced) Grobner basis
with respect to any degree compatible order and Buchberger's Algorithm will realize this
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fact without performing any reduction since all critical pairs can be skipped according to
the product criterion (see Buchberger, 1985). But 10 new polynomials have to be added
to F in order to complete it to a Pommaret basis (see Zharkov and Blinkov, 1993). Taking
into account all these facts, it is worth investigating the relationship between Grobner
bases and involutive bases. Some important questions are:
Which method has the better average behaviour?
Does the Zharkov{Blinkov method re ect particular strategies (e.g. pair selection,
post reduction, etc.) that can be used to improve Buchberger's Algorithm at least
for some width class of input ideal bases?
Assuming the previous question has a positive answer, how large is the class and
can we guess whether a basis belongs to the class?
As a preparatory step towards answering these questions, in this paper we will give a
completely algebraic description of Pommaret bases. Our algebraic foundation of Pommaret bases is based on two major ideas. First, we have a certain similarity of the
Zharkov{Blinkov method to the Kandri-Rody{Weispfenning closure technique for two
sided ideals in algebras of solvable type (see Kandri-Rody and Weispfenning, 1990).
This motivates to watch the theory in a \non-commutative light". Second, the theory of
graded structures introduced by Robbiano (1986) and generalized to non-commutative
situations by Mora (1988) proved to be a powerful frame for generalizations of Grobner
bases. The fundamental idea in the theory of graded structures is to calculate in the
associated graded ring and to lift back the results to the original ring. So, it is natural
to look for gradings providing an associated graded ring having \better" (or at least not
\worse") algebraic properties than the original ring (cf. Mora, 1988; and Apel, 1992).
We cannot follow this line here any longer. Starting from a commutative, Noetherian
integral domain, we will construct an associated graded ring that is non-commutative,
non-Noetherian and contains zero-divisors. The price we pay is the loss of the termination property. Without knowing the work of Zharkov and Blinkov, in particular their
statement about the comparison to Buchberger's Algorithm, this author would certainly
have never investigated such an approach.
In addition to a better insight and the con rmation of all results reported by Zharkov
and Blinkov (1993), our algebraic approach provides the following additional facts about
Pommaret bases:
Pommaret bases are investigated with respect to arbitrary admissible term orders
without requiring degree compatibility;
The method for the computation of Pommaret bases is a semi-decision procedure
for the problem \Has I a nite Pommaret basis?"; i.e. it will terminate after nitely
many steps if and only if the ideal I has a nite Pommaret basis;
The algorithm for the computation of Pommaret bases can be improved by criteria
and selection strategies similar to those known from Buchberger's Algorithm;
There are given conditions when an ideal has a nite Pommaret basis, and answers
the question concerning the linear variable changes transforming the ideal in a
position ensuring a nite Pommaret basis;
The notion of the Pommaret basis of an ideal is completely decoupled from the
method for its computation;
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The theory of Pommaret bases can be straightforwardly generalized to algebras of
solvable type.
This paper is organized as follows. In order to keep the paper self-contained we present
an introduction to the theories of (ordinary) Grobner bases, Pommaret bases and (generalized) Grobner bases in graded structures in Sections 2 and 3. In Section 4 it is shown
that the notion of Pommaret basis is an instantiation of the generalized Grobner basis
concept in graded structures. We will formulate and prove some important properties of
Pommaret bases by means of algebra. Finally, in Section 5, we discuss some possible and
impossible generalizations of the theory.

2. Ordinary Grobner and Pommaret bases
Let R = K[X1; : : :; Xn] = K[X] be the commutative polynomial ring in the variables
X = fX1 ; : : :; Xng over the eld K. The set T = fX1    Xnn ji = 0; 1; 2; : ::g of power
products forms a K-vector space basis of R. An irre exive well-order  of T which is
compatible with the multiplication of power products, i.e. u  v implies tu  tv for
all power products u; v and t, is called an admissible term order. For a description and
complete classi cation of admissible term orders we refer to Robbiano (1985). Let 
be a xed admissiblePterm
order. Then each non-zero polynomial f 2 R has a unique
representation f = mi=1 ci ti satisfying 0 =
6 ci 2 K; ti 2 T (1  i  m) and tm 
tm 1      t1. We de ne the leading power product and the leading coecient of f by
1

lp(f) := t1 and lc(f) := c1 , respectively.

2.1. grobner bases

A brief introduction to the well-known theory of Grobner bases follows. We will not
present the improvements achieved by many di erent researchers during the last three
decades; an overview can be found, for instance, in Buchberger (1985) or Becker et al.
(1993).
A polynomial g 2 R is called reducible modulo F  R i there exists f 2 F such
that lp(f) divides lp(g). Otherwise, g is called irreducible modulo F. Let g be reducible
modulo F and f 2 F such that lp(g) = t  lp(f) for some t 2 T . Then we say: g reduces
lc(g) tf modulo F . A sequence g = h ; h ; : : : such that h reduces to h
to h = g lc(
1 2
i
i+1
tf )
modulo F for all i = 1; 2; : : : is called a reduction sequence of g modulo F. Note, that any
reduction sequence of g modulo F is nite since  is well-order. If g = h1 ; h2; : : :; hk is a
reduction sequence modulo F and hk is irreducible modulo F, then we call hk a normal
form of g modulo F . Given two non-zero polynomials g; h 2 R we de ne the S-polynomial
corresponding to the pair (g; h) by
t g lc(g) t h ; where t = lcm(lp(g); lp(h)) :
Spol(g; h) := lc(h) lp(g)
lp(h)
A set F  R is called a Grobner basis of the ideal I = F  R with respect to  i zero
is a normal form of each element g 2 I modulo F (or equivalently, for g ranging only
over all S-polynomials corresponding to pairs of elements of F).
Figure 1 presents a rough version of Buchberger's Algorithm. Nf(Spol(cp); G) denotes
a normal form of Spol(cp) modulo G.
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Input: nite basis F of the ideal I , term order 
Output: Grobner basis G of I with respect to 
P := set of pairs of elements of F
G := F
while P 6= ; do
choose cp 2 P
P := P nfcpg
h := Nf(Spol(cp); G)
if h 6= 0 then
P := P [ f(g;h)jg 2 Gg
G := G [ fhg
Figure 1.

Buchberger's Algorithm (method 1)

2.2. pommaret bases

The main di erence between the theories of Grobner and involutive bases consists in
the notion of division of power products and, consequently, in the notion of reduction.
A variable Xi is called Pommaret-multiplicative for the power product u 2 T i u 2
K[Xi; : : :; Xn ]. We say u 2 T is a Pommaret divisor of t 2 T i u divides t and all
variables occurring in ut are Pommaret-multiplicative for u. A nite set F  R of nonzero polynomials whose leading power products are pairwise but not a Pommaret divisor
of each other is called P-autoreduced. A polynomial g 2 R is called P-reducible with
respect to F  R i there exists f 2 F such that lp(f) is a Pommaret divisor of lp(g).
Let g 2 R, F  R, f 2 F and t 2 T such that lp(f) is a Pommaret divisor of lp(g) and
lp(g) = t  lp(f). Then, by de nition, g P-reduces to h = g lc(lc(tfg)) tf modulo F. Based
on the notions P-reducible and P-reduces modulo F, we can introduce the appropriate
notions P-irreducible, P-reduction sequence and P-normal form modulo F in the same
way as we did for Grobner bases. Finally, a set F  R is called a Pommaret basis of
I = F  R with respect to  i F is P-autoreduced and each element g 2 I has zero as a
P-normal form modulo F .
Figure 2 shows a constructive method (method 2) for the computation of a Pommaret
basis of the polynomial ideal generated by a given nite basis with respect to a given
admissible term order . The sub-algorithms P Autoreduce and Nf P can be constructed
in the same way as is known from the Grobner basis theory, only with the usual reductions
being substituted by P-reductions. Each instruction step of method 2 is computable and
in case of termination the method is correct. But the method is not algorithmic since, in
general, termination is not ensured.
The correctness and termination proofs for zero-dimensional ideals I given by Zharkov
and Blinkov make essential use of the degree compatibility of  and of the fact that
the bases involved are P-autoreduced. The termination of method 2 and the existence of
nite Pommaret bases in the positive dimensional case remained open in the papers by
Zharkov and Blinkov. They cited from the theory of partial di erential equations only
that any ideal will have a nite Pommaret basis after most linear variable changes. Our
theory developed in Section 4 will overcome the above restrictions and we will be able
to prove that the method is semi-algorithmic, i.e. it terminates if and only if the ideal
has a nite Pommaret basis. Furthermore, we will give an explanation of \most" variable
changes.
Comparing Figures 1 and 2 the rst impression is that both methods are rather di er-
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Input: nite basis F of the ideal I , term order 
Output in case of termination: Pommaret basis G of I with respect to 
G := ;
while F 6= ; do
G := P Autoreduce(G [ F )
F := ;
for each g 2 G do
for each Xi which is not Pommaret-multiplicative for lp(g ) do
f := Nf P (gXi ;G)
if f 6= 0 then F := F [ ff g
Figure 2.

Method of Zharkov and Blinkov (method 2)

ent. In contrast to Buchberger's Algorithm, we do not need S-polynomials in method 2,
though in some sense their reduction is replaced by P-autoreductions and P-reductions
of so-called prolongations gXi of basis polynomials by variables.
If we replace the subroutine P Autoreduce by a left Grobner basis algorithm and
consider the right prolongations of basis elements not only by variables that are not
Pommaret-multiplicative but by all variables, we obtain exactly the shape of the right
closure technique for two-sided ideals in algebras of a solvable type developed by KandriRody and Weispfenning (1990). So, dividing such variables that are Pommaret-multiplicative and such that are not Pommaret-multiplicative e ects a certain non-commutative
behaviour. Though we are in a completely commutative situation, this behaviour motivates us to watch Pommaret bases in a non-commutative light.

3. Graded structures

An introduction to the complete theory of Grobner bases in graded structure can be
found in Mora (1988). We will restrict ourselves here to some major ideas that turn out
to be useful for the characterization of generalized Pommaret bases.
Definition 3.1. Let A be an associative ring with unit element and

be a monoid.
Furthermore, let  be an irre exive well-order of such that
1l  for all 1l 6= 2 and
(3.1)
 implies    and    for all ; ; 2 ;
where  is the operation and 1l is the unit element of . Finally, let ' : Anf0g ! be a
function satisfying:

'(1) = '( 1) = 1l;
a + b = 0 or '(a + b)  max('(a); '(b)) ; and
(3.2)
a  b = 0 or '(a  b)  '(a)  '(b) ;
for all non-zero elements a; b 2 A, where  denotes the re exive closure of . Then we
call the quadruple A = (A; ; ; ') a graded structure.
3.1. related algebraic objects

Let A = (A; ; ; ') be a xed graded structure. In this section we will construct
algebraic objects related to A which justify the above de nition. To each element 2
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we associate the set F = faj'(a)  g [ f0g. Clearly,   implies F  F . For each
non-zero element a 2 A there exists a unique 2 , namely = '(a), such that a 2 F
and a 2= F for all   . It is an easy observation that the F are additive subgroups of
A and that F F  F  for all ;  2 . Hence, the family (F ) 2 is a ltration
of A.
S
^
^
For each 2 let F be the additive subgroup of F de ned by F := f0g[  F and
let G be the factor group F =F^ . TheS elements g 2 G are called homogeneous of degree
(notation: deg (g) = ). Let G = 2 G be the set of all homogeneous elements. '
induces a function in : A ! G by de ning
in(0) := 0 and in(a) := [a]F^' a for 0 6= a 2 A :
Since in is surjective, we can x a function in : G ! A such that
in(in (g)) = g
for all g 2 G . The mapping  : G  G ! G given by
in(a)  in(b) = [ab]F^' a ' b
is wellLde ned and can be uniquely extended to multiplication, making the direct sum
G = 2 G an associative ring. This -graded ring G is called the associated graded
ring of A with respect to the graded structure A = (A; ; ; ').
( )

( )

( )

3.2. left A-grobner bases

Let A = (A; ; ; ') be a graded structure and G be the associated graded ring of
A with respect to A. The function \in" is extended to subsets F  A in the usual way
by setting in(F) := fin(f)jf 2 F g and the left ideal generated by in(F) in G is called
the A-initial left ideal of F (notation: LIn(F)). A basis F of the left ideal I  A which
satis es
LIn(F) = LIn(I)
is called a left A-Grobner basis of I.
This is an elegant and frequently used de nition of Grobner bases. However, it is neither
similar to the de nition in Section 2 nor does it show an algorithmic way for Grobner
basis construction. In order to bridge this gap we need some further preparation. A nonzero element h 2 A is called A-reducible modulo F if in(h) 2 LIn(F) and A-irreducible
modulo F, otherwise. By de nition 0 is A-irreducible modulo F. Let be h 2 A and
F  A. Then a representation
h=

m
X
i=1

gifi ;

where gi 2 A, fi 2 F and '(gi )  '(fi )  '(h) for i = 1; : : :; m, is called a left Arepresentation of h in terms of F. Furthermore, an element h0 2 A which is A-irreducible
modulo F and for which h h0 has a left A-representation in terms of F is called a left
A-normal form of h modulo F . By de nition 0 is left A-normal form of 0 modulo F.
The natural generalization of Buchberger's critical pairs to graded structures are homogeneous syzygies. Let H = fh1; : : :; hm g  G nf0g and Gm be the left G-module
freely generated by fe1; : : :; em g and graded by assigning
deg(ei ) := deg(hi ) for all 1  i  m:
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The kernel of the homogeneous homomorphism S : Gm ! G de ned by
S

m
X

!

m
X

kihi
i=1
i=1
is a homogeneous left submodule of Gm , the so-called left syzygy module LSyz(H) of H.
Its elements are called leftP
syzygies of H. Let F = ff1 ; : : :; fm g be a nite set of non-zero
elements of A and let s = mi=1 hi ei be a left syzygy of in(F). Then we de ne the critical
element of F corresponding to s by:

c(s) :=

kiei :=

m
X
i=1

in (hi )fi 2 A :

(3.3)

We close this section with a theorem summarizing some important equivalent properties
for left A-Grobner bases.
Theorem 3.1. Let I  A be a left ideal, F = ff1 ; : : :; fm g  I be a nite set of non-zero

elements of I , and B be a homogeneous basis of the left syzygy module LSyz(in(F)). Then
the following conditions are equivalent:
(i) F is a left A-Grobner basis of I ;
(ii) Each h 2 I has 0 as (only) left A-normal form modulo F ;
(iii) F generates I and for each s 2 B the critical element c(s) of F corresponding to s
has 0 as (only) left A-normal form modulo F .
Proof. We refer to Mora (1988).
3.3. effectiveness conditions

The third condition of Theorem 3.1 shows a way of generalizing Buchberger's Algorithm to left ideals in graded structures. In order to get a constructive method, the graded
structure has to satisfy some e ectiveness conditions.
Definition 3.2. A graded structure A = (A; ; ; ') having the following three proper-

ties is called a left e ective graded structure:

(i) A, G and are e ective and ', in and in are computable functions,
(ii) For any given non-zero homogeneous elements h1; : : :; hm ; h 2 G the left ideal membership problem h 2 G  (h1 ; : : :; hm ) is decidable and in case
of membership it
P
is possible to compute a homogeneous representation h = m
i=1 gi hi, i.e. for all
1  i  m we have gi 2 G and gi = 0 or deg gi  deg hi = deg h.
(iii) For each nite subset H of non-zero homogeneous elements of G the left syzygy
module LSyz(H) is nitely generated and it is possible to compute a nite homogeneous basis of LSyz(H).

All ground instructions appearing in the methods presented in Figures 3 and 4 are
computable for left e ective graded structures A. Correctness in case of termination of
method 3 is obvious; method 4 follows condition (iii) of Theorem 3.1. It remains for us
to check the termination. Method 3 is algorithmic since termination is ensured by the
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Input: graded structure A, h 2 A; F = ff1 ; : :: ; fm g  Anf0g
Output: left G-normal form h0 of h in terms of F
h0 := h 0
0
while h 6= 0 and in(h ) 2 LIn(F ) do
P
compute a P
homogeneous representation in(h0 ) = m
i=1 gi in(fi )
m
 (g )f
h0 := h0
in
i i
i=1
Figure 3.

Computation of left G-normal forms (method 3)

Input: graded structure A, Basis F = ff1 ;: : :; fm g  Anf0g of the left ideal I
Output: left A-Grobner basis H of I
H := ;
while F 6= ; do
H := H [ F
B := nite homogeneous basis of LSyz(in(H ))
F := ;
while B 6= ; do
choose s 2 B
B := B nfsg
f := left A-normal form of c(s) in terms of H
if f 6= 0 then F := F [ ff g
Figure 4.

Computation of left A-Grobner bases (method 4)

well-order property of . The computation of left A-Grobner bases is semi-algorithmic
in the following sense:

A = (A; ; ; ') be a graded structure, I a left ideal of A and F a
nite basis of I which does not contain zero. Then method 4 terminates for input A and
F if and only if LIn(I) is nitely generated.

Theorem 3.2. Let

Ainitial left ideal LIn(I) is a trivial consequence of the correctness. So, let us assume that
LIn(I) is nitely generated by non-zero homogeneous elements u1; : : :; uk 2 G. First we
introduce the notations H() and B() for the values assigned to H and B, respectively,
at the beginning of the -th run of the outer loop of method 4. We x 1  i  k and look
for an index 0;i such that ui 2 LIn(H(0;i )). There exists g 2 I such that in(g) = ui.
Let
Proof. The non-termination of method 4 in the case of a not- nitely generated

g=

l
X
j =1

fj hj

be a representation of g in terms of H(1) such that h1; : : :; hl 2 H(1) and f1 ; : : :; fl 6= 0.
Let be the maximum of the '(fj )  '(hj ), where 1  j  l. If = deg ui then 0;i = 1
has the desired property. It remains the case that deg ui  . Then
s=

X

fj j'(fj )'(hj )= g

in(fj )ej 2 LSyz(in(H(1))) :
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Hence, s = qj=1 aj sj , where sj 2 B(1). Each element c(sj ) has a left A-representation
pj in terms of H(2). Hence, performing some obvious manipulations on
g=

l
X
j =1

fj hj +

q
X
j =1

in (aj ) (pj c(sj )) ;

where c(sj ) stands for its de ning representation (3.3), leads to a new representation
g=

l
X
0

j =1

fj0 h0j

of g in terms of H(2) such that h0j 2 H(2), fj0 6= 0, '(fj0 )  '(h0j )  for all 1  j  l0 .
Repeating these arguments and taking into account that  is well-order, we nally deduce
the existence of 0;i such that g has a left A-representation in terms of H(0;i).
Let 0 be the maximum of 0;1; : : :; 0;k. Then u1 ; : : :; uk 2 LIn(H()) for all   0 .
Hence, H(0 ) is a left A-Grobner basis of I. By Theorem 3.1 we deduce that all left
critical elements of left syzygies of B(0 ) will only have 0 as a left A-normal form.
Therefore, the outer loop of method 4 will terminate after 0 runs at most. Each inner
loop terminates since each B() is nite by construction. 2
The semi-algorithm presented in Figure 4 has one serious restriction: it requires to
consider all left syzygies associated to an intermediate basis H() before any left syzygy
involving basis elements computed afterwards. Recalling the sensitivity of Buchberger's
Algorithm against the pair selection strategy, it is natural to ask for possible strategy
improvements in the situation of graded structures. While the correctness of method 4 is
independent of the syzygy selection strategy, it can lead to non-termination even in the
case of nitely generated A-initial left ideals. Checking the proof of Theorem 3.2 it turns
out that we used only the fact that the syzygy selection strategy is fair, i.e. any created
left syzygy has to be considered after nitely many steps. Hence, we can alter method 4 by
allowing an arbitrary fair left syzygy selection strategy. The importance of fair selection
strategies is well-known from the non-Noetherian situations of free non-commutative
rings (Mora, 1986) and di erential algebras (Ollivier, 1990). If the associated graded
ring G is Noetherian, the situation is even better: we could use a completely di erent
termination proof which is independent on the syzygy selection strategy.
3.4. quotients of graded structures

Let A = (A; ; ; ') be a graded structure and I  A be a two-sided ideal of A. Then
we can construct a graded structure AI = (A=I; ; ; 'I ) for the quotient ring A=I,
where the function 'I is de ned by
'I (a) := minf'(f)jf 2 ag :
'I is well-de ned since  is well-order. It is an easy exercise to verify the validity of
conditions (3.2).
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4. Pommaret bases in graded structures

The theory of graded structures provides an excellent framework for generalizations of
the theory of Grobner bases. What remains for us is to introduce a suitable grading and
to check the e ectiveness conditions in particular cases.
4.1. the grobner grading of polynomial rings

Before we consider Pommaret bases we will show how the classical theory of Grobner
bases due to Buchberger (1965, 1985) can be formulated in terms of graded structures. Let
T be the free commutative monoid generated by X, i.e. the monoid of commutative power
products, and T be an admissible term order of T . We easily observe that T satis es
conditions (3.1) and that the function lp, assigning it to each non-zero polynomial its
leading power product, satis es conditions (3.2). Hence, RT = (R; T; T ; lp) is a graded
structure. We hold that F  I is (ordinary) Grobner basis with respect to T of the ideal
I  R if and only if it is left RT -Grobner basis of I considered as left ideal. Therefore, we
call RT the Grobner grading of R de ned by T . Furthermore, the algorithm presented
in Figure 1 turns out to be an instantiation of the semi-algorithm given in Figure 4. Of
course, in the particular situation A = RT the latter is algorithmic, too.
4.2. a grading of free non-commutative algebras

Starting from results of Bergmann (1978), Mora developed a theory of Grobner bases of
one- and two-sided ideals of free non-commutative algebras (Mora, 1986). This theory can
also be interpreted as an instantiation of the theory of graded structures (see Mora, 1988).
Let S be the free non-commutative monoid generated by X and S be an irre exive wellorder of S satisfying conditions (3.1). The free non-commutative K-algebra P = K hS i in
the variables X is the algebra obtained by monoid adjunction of S to the eld K. Since S
is isomorphic to a free word semi-group, we will call an element of S a word. S is K-vector
space basis of P . Hence, the function lw:P nf0g ! S assigning to each non-zero element
f 2 P the largest word (with respect to S ) which appears in f with non-zero coecient
is well-de ned and satis es conditions (3.2). Consequently, P = (P; S; S ; lw) is a graded
structure. The notions of left-, right- and two-sided P -Grobner basis of F  P as well as
the algorithms for their computation correspond to those introduced in Mora (1986).
4.3. the pommaret grading of polynomial rings

In the terminology of graded structures, algebras of solvable type are non-commutative
rings graded by a commutative monoid (cf. Kandri-Rody and Weispfenning, 1990; and
Apel, 1992). Now we show how Pommaret bases can be described by an opposite approach. Let R; P; T; S; T ; S ; lp and lw be as above and let  denote the concatenation
of words, i.e. the monoid operation in S. Identifying the commutative power products
with the ordered words, words such as Xi    Xik 2 S for which i1  i2      ik ,
the set T can be embedded into S. Note, however, that this is not a monoid embedding.
Furthermore, we assume that S satis es the following two conditions:
1

(i) s S t () s T t for all s; t 2 T;
(ii) For each Xi    Xik 2 T and each permutation  of the numbers 1; : : :; k it holds
that Xi    Xik S Xi    Xi k .
1

1

(1)

( )
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That means S coincides with T on T and among all words which di er only in the
sequence of variables for which the ordered is minimal with respect to S . It is easy to
observe that such an admissible order S exists for any given admissible term order T .
Let J be the two-sided ideal of P generated by fXi Xj Xj Xi j1  j < i  ng and consider
the graded structure PJ = (P=J; S; S ; lwJ ) as introduced in Section 3. Identifying P=J
and R via the canonical isomorphism, we see that PJ is equal to RS = (R; S; S ; lp).
So, we obtain a second class of gradings of the commutative polynomial ring R which
appears as its natural non-commutative gradings. A simple example shall illustrate the
connection between PJ and RS .
Example 4.1. Let R = Q[X; Y; Z] be the polynomial ring in the indeterminates X; Y

and Z over the rationals and T be the lexicographical order X;Y;Z extending X X;Y;Z
Y X;Y;Z Z. Further, consider the free non-commutative algebra P = Q hX; Y; Z i. The
words generated by X; Y and Z are ordered by S in such a way that rst the number
of occurrences of Z are compared; in case of equality the number of occurrences of Y
are compared. If we have equality again then we compare the number of occurrences
of X. So we have, for instance, XY S Y Z and ZXZ S Y ZZ. No decision, though,
can be made if both words contain the same number of Z, Y and X, i.e. they are
equal in any permutation of letters, e.g. XZZ, ZXZ and ZZX. We will break these
ties by the lexicographical order X;Y;Z for words. For the above example this yields
XZZ S ZXZ S ZZX. Clearly this is a suitable order S since it is admissible and
satis es the above0 conditions0 (i) and (ii). But we could break the ties also in another
way, e.g. XZZ S ZZX S ZXZ. Consider the two-sided ideal J  P generated by
XY Y X; ZX XZ and ZY Y Z. Let f 2 P . The residue class f + J contains a
unique element f~ which is linear combination of ordered words. By de nition lwJ (f + J)
is the minimum (with respect to S ) among all leading words of representants of f + J.
In particular,
~:
lwJ (f + J)  lw(f)
But, obviously, the support of any representant of f +J contains at least one word which
~ up to permutation. Hence, by condition (ii) on S , we deduce the
is equal to lw(f)
equation
~
lwJ (f + J) = lw(f):
According to the identi cation of ordered words and commutative power products we can
interpret f~ as an element of the polynomial ring R. The canonical isomorphism de ned
by P=J 3 f + J 7! f~ 2 R provides an identi cation of P=J and R which justi es the
equation
~
lwJ (f + J) = lp(f):
(4.1)
Before we prove that the grading RS is good for the computation of Pommaret bases,
we will have to look at the associated graded ring GS of R with respect to RS . Let GS;t
denote the additive group of all elements of GS of degree t 2 S. Clearly, GS;t = f0g for
all t 2= T and GS;t is a one-dimensional K-vector space for each t 2 T . Consequently, GS
is isomorphic to R as K-vector space and we can represent GS as the polynomial ring
R with a new multiplication . Unless we want to stress the residue class property of
the elements of GS , we will abbreviate the residue class [u]F^u 2 GS by u for elements
u 2 T. In particular, we write in(u) = u for all u 2 T . Given two words u; v 2 T we have
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in(u)  in(v) = in(uv) if u  v 2 T and in(u)  in(v) = 0, otherwise. Recall Example 4.1.
We have
in(XY )  in(Y Z) = [XY ]F^XY  [Y Z]F^Y Z = [XY 2Z]F^XY Y Z = in(XY 2Z):
But since XY Y Z S XZY Y , it holds that
in(XZ)  in(Y 2 ) = [XZ]F^XZ  [Y 2 ]F^Y Y = [XY 2 Z]F^XZY Y = 0:
In conclusion we can deduce some properties of GS . In the univariate case we have the
trivial relationship GS = GT = R. If X contains at least two variables then GS is noncommutative (e.g. XY = X  Y 6= Y  X = 0), contains zero-divisors (e.g. Y  X = 0)
and is not left Noetherian (e.g. the left ideal generated by XY  , where  = 1; 2; : : :, is
not nitely generated). Furthermore, we observe that in(u) 2 LIn(t) if and only if u is
right subword of t, i.e. there exists v 2 S such that v  u = t. Summarizing this, we can
state the main theorem of this paper:
Theorem 4.1. Let T be an admissible term order and RS = (R; S; S ; lp) be a graded

structure, where S satis es conditions (i) and (ii). Furthermore, let I  R be a polynomial ideal. Then each Pommaret basis F of I with respect to T is a left RS -Grobner
basis of I . Moreover, F is Pommaret basis of I with respect to T if and only if it is
minimal left RS -Grobner basis of I .
Proof. The statement follows on immediately from the trivial observation that u 2 T

is Pommaret divisor of t 2 T if and only if in(u) 2 LIn(t). The fact that the Pommaret
bases de ned by Zharkov and Blinkov correspond only to the minimal left RS -Grobner
bases is due to their assumption that a Pommaret basis has to be P-autoreduced. 2

The theorem justi es calling RS a Pommaret grading of R which extends T . Note
that the order 0 S is not necessarily uniquely determined by T . For instance, both
orders S and S would be suitable in Example 4.1. However, the freedom in the choice
of S has no in uence on the leading power product of a polynomial. Therefore, initial
ideals and the property of being a Grobner basis are not in uenced. In the sequel we will
show that not only the notions of Pommaret and left RS -Grobner bases coincide but that
also the semi-algorithms for their computation are the same. First, we have to verify the
left e ectiveness of the Pommaret grading RS . Clearly, condition (i) of De nition 3.2 is
satis ed. Let h1 ; : : :; hm ; h 2 GS be non-zero homogeneous elements. Then h is member
of the left ideal I = GS  H if and only if there exist 1  i  m and v 2 T such that
deg h = v  deg hi . This question is decidable and if h 2 I then
h = lc(vlc(h)
 hi) v  hi
is a homogeneous representation of h in terms of H. Hence, RS also satis es condition
(ii) of De nition 3.2. The following lemma proves condition (iii).
Lemma 4.1. Let H = fh1 ; : : :; hm g  GS be a nite set of homogeneous non-zero ele-

ments. Then B = B1 [ B2 is a nite basis of LSyz(H), where


B1 = Xi  ehj j1  j  m; 1  i  n; Xi  deg hj 2= T ;

B2 = u  ehj + ehk j1  j; k  m; deg u  deg hj = deg hk ; lc(u  hj ) = lc(hk ) :
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j =1 fj  ehj be a non-zero homogeneous left syzygy of H of degree
u 2 S. We distinguish two cases.

Proof. Let s =

(i) Let u 2= T . Then each non-zero element fj has a decomposition fj = tj  Xij , where
tj is a non-zero homogeneous element
= T.
P and 1  ij  n. Clearly, Xij  deg hj 2
Hence, sj = Xij  ehj 2 B1 and s = fj 6=0 tj  sj is a representation of s in terms
of B1 .
(ii) Let u 2 T . Then fj  hj = 0 implies fj = 0. Therefore, there exist 1  j 6= k  m
such that fj ; fk 6= 0. The equality deg fj  deg hj = deg fk  deg hk = u implies
that, without loss of generality, deg hj is right subword of deg hk . Hence, there
exists a homogeneous non-zero
element v 2 GS such that v  hj + hk = 0. Set

s0 := s fk  v  ehj + ehk . s0 is homogeneous left syzygy of H of degree u having
less non-zero summands than s. Repeating these arguments, nally, we obtain a
representation of s in terms of B2 .

2

In summary, RS is a left e ective graded structure and the method presented in Figure
4 is semi-algorithmic. It follow three properties which prove that the Zharkov/Blinkov
method presented in Figure 2 is an instantiation of the semi-algorithm 4.
(i) Any P-normal form of a polynomial f modulo H  R is also left RS -normal form
of f modulo H.
(ii) The prolongations occurring in Figure 2 are critical elements of left syzygies contained in B1 .
(iii) The result of a P-autoreduction is a left RS -normal form of the critical element of
some left syzygy contained in B2 .
The most important consequence of these observations is that we can apply all results
obtained by many researchers in the theory of Grobner bases within the last 30 years
in order to improve the method for the computation of Pommaret bases. As usual we
can look for criteria for detecting unnecessary reductions; in particular, we can minimize
the basis B of left syzygies. A second, important way for obtaining speed is the choice
of a \good" syzygy selection strategy. Recall that we can use any fair selection strategy
for choosing the next left syzygy to be considered. Examples of fair selection strategies
are those that choose a left syzygy of minimal weight with respect to some xed weight
vector assigning each variable a positive weight. If S is a re nement of the partial
order de ned by such a positive weight vector, then we can apply the standard selection
strategy, i.e. we always choose a left syzygy which has minimal degree with respect to
S . Note, however, that the standard selection strategy is not fair, for example, for the
lexicographical order. Sugar-like selection strategies (see Giovini et al., 1991) are fair.
Now let us consider the termination problem of method 4 for our particular graded
structure RS . According to Theorem 3.2, it is sucient to investigate under which conditions the RS -initial left ideal of a given polynomial ideal is nitely generated. Assume I is
a zero-dimensional polynomial ideal. Then there exist positive natural numbers 1; : : :; n
such that Xii 2 in(I). For each 1  i  n we de ne the set Hi consisting of all power
products X1    Xnn such that j = 0 for 1  j < i, i = i and 0  j < j for
i < j  n. All sets Hi are nite subsets of in(I). The left ideal of GS generated by
1
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H = ni=1 Hi contains all but nitely many power products of T. Hence, a homogeneous
basis of the RS -initial left ideal LInS (I) can be obtained by adding at most nitely many
power products to H. This proves the well-known fact, that LInS (I) is nitely generated
with respect to any Pommaret grading of R in case dimI = 0.
There are positive dimensional ideals I for which LInS (I) is not nitely generated, for
example, each principal ideal generated by a monomial not having the form Xn (such as
Y under the setting of Example 4.1) has this property. Though we will be unable to give
a complete description of the termination behaviour in the positive dimensional case,
we can characterize the situation up to a large extend. Let us consider the relationship
between the initial ideals of I with respect to the graded structures RT and RS . For
the moment we forget about multiplication and consider only the K-vector spaces R =
GS = GT . Then the function in : R ! R is the same for both graded structures RT and
RS . However, in general, the left ideals InT (F) and LInS (F) generated by in(F) in GT
and GS , respectively, will be di erent because of the di erent multiplications. Note the
K-vector space equality of InT (I) and LInS (I) for ideals I. Nevertheless, an ideal basis of
InT (I) need not to generate LInS (I). Recall that the associated graded ring with respect
to a Grobner grading is the polynomial ring R itself. We can thus consider RS -initial left
ideals of RT -initial ideals. For a given admissible term order T , the initial ideals of I
corresponding to the Grobner grading de ned by T and a Pommaret grading extending
T are connected by the equation
LInS (I) = LInS (InT (I)):
(4.2)
It follows a necessary condition for nitely generated RS -initial left ideals:

T be an admissible term order, RT be the Grobner grading of R
de ned by T , and RS be a Pommaret grading of R extending T . Also, let I  R
be a d-dimensional ideal such that LInS (I) is generated by the nite homogeneous basis
B  T . Then I satis es the following equivalent conditions:
Lemma 4.2. Let

(i) for each d < i  n there exists i > 0 such that Xii 2 LInS (I);
(ii) fX1 ; : : :; Xd g is the only maximal independent set of variables for I ; and
(iii) fX1 ; : : :; Xd g is a system of parameters for the RT -initial ideal InT (I), i.e. for each
1  i  d we have

dim(InT (I) + (X1 ; : : :; Xi)R) = d i :

Proof. For d = n the statement is trivial. So let us assume d < n. dim(I) = d implies

I \ K[X1; : : :; Xd+1 ] 6= f0g. Let f 2 I \ K[X1; : : :; Xd+1 ]. For each d < j  n and each
natural number
 there exist vj; 2 T and uj; 2 B such that vj;  uj; = lp(Xj f) =
lp(f)  Xj 2 in(I). B is nite; hence, for each d < j  n there exists an element uj 2 B
which is right subword of almost all powers Xj ( = 1; 2; : : :). This proves condition (i).
It is an easy exercise to prove the equivalence of all three conditions. 2

The converse of Lemma 4.2 does not hold: consider the ideal I  R generated by
fXY Z; Z 2 g under the settings of Example 4.1. Obviously, I is two-dimensional and
satis es conditions (i){(iii) of Lemma 4.2. However, the RS -initial left ideal
LInS (I) = GS  (Z 2 ) + GS  (XY Z; XY 2Z; : : :; XY  Z; : : :)
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is not nitely generated. There is a straightforward generalization of the zero-dimensional
case to higher dimensions that will provide a rst sucient condition.
Lemma 4.3. Let T be an admissible term order, RT be the Grobner grading of R de ned

by T , and RS be a Pommaret grading of R extending T . Furthermore, let I  R be a
d-dimensional polynomial ideal. If the RT -initial ideal InT (I) satis es

(InT (I) \ K[Xd+1; : : :; Xn ]) R = InT (I)

(4.3)

then LInS (I) is nitely generated.

Proof. Let S 0 be the free non-commutative monoid generated by fXd+1 ; : : :; Xng.

Since I is d-dimensional and satis es equation (4.3), the elimination ideal InT (I) \
K[Xd+1; : : :; Xn] is zero-dimensional. Hence, LInS 0 (InT (I) \ K[Xd+1 ; : : :; Xn]) is nitely
generated. Using equations (4.2) and (4.3), we deduce LInS (I) = GS  LInS 0 (InT (I) \
K[Xd+1; : : :; Xn]) and the assertion will follow. 2
We say that I  R is in generic position with respect to the admissible term order T i
t = X1    Xnn 2 in(I) implies u 2 in(I) for all monomials u = X1    Xnn satisfying
Pn
P
i = ni=1 i and
i
=1
P
P
ijXj T Xi i  ijXj T Xi i for all 1  j  n:
For any admissible term order T and any ideal I there exists a Zariski open subset U
of the group Gl(n) of all non-degenerated linear variable changes such that any element
of U transforms I in generic position with respect to T . If, in addition, X1 T X2 T
   T Xn then the Borel group (i.e. the group of linear variable changes de ned by
upper triangular regular matrices) already contains a Zariski open subset U with the
above property. For details we refer to Bayer and Stillman (1987).
1

1

Theorem 4.2. Let T be an admissible term order such that X1 T X2 T

   T Xn

and let RS be a Pommaret grading of R extending T . If the ideal I  R is in generic
position with respect to T then the RS -initial left ideal LInS (I) is nitely generated.

 T be a minimal basis of LInS (I). Fix 1  j < n. Each element
t 2 H \ K[Xj ; : : :; Xn] can be represented in the form t = Xjj  u(t), where u(t) 2
T \ K[Xj +1 ; : : :; Xn] and j  0. Since I is in generic position with respect to T
j
we have Xj +1
 u(t) 2 in(I). Since H is minimal basis of LInS (I) there exist uniquely
j
determined elements v(t) 2 T and w(t) 2 H \ K[Xj +1; : : :; Xn ] such that Xj+1
 u(t) =
v(t)  w(t). Hence, the relation  (H \ K[Xj ; : : :; Xn])  (H \ K[Xj ; : : :; Xn]) de ned
by t  s () w(t) = w(s) is an equivalence relation and
[
H \ K[Xj ; : : :; Xn] =
[t] :
Proof. Let H

t2H \K[Xj+1 ;:::;Xn ]

j
Consider t = Xj+1
   Xnn 2 H \ K[Xj +1; : : :; Xn ]. Since H is minimal basis the class
[t] contains j +1 + 1 elements at most. Hence, niteness of H \ K[Xj +1; : : :; Xn ] will
imply niteness of H \ K[Xj ; : : :; Xn ] for all 1  j < n. The trivial observation that
H \ K[Xn] is nite completes the proof. 2
+1
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Theorem 4.2 provides a second sucient condition on positive dimensional ideals ensuring a nitely generated RS -initial left ideal. Any polynomial ideal will satisfy this
condition after a suitable linear change of variables and the set of suitable transformations is Zariski open.

5. Possible and impossible generalizations

An obvious and easy to perform generalization of Pommaret bases in graded structures
is to consider two-sided RS -Grobner bases.
For the sake of generalization we strictly avoid making use of the relation lc(f)lc(g) =
lc(fg) for non-zero polynomials f and g and the fact that a polynomial ring is commutative. So, the theory can be extended to algebras of solvable type in a straightforward
manner. Only the statements involving ideal dimensions have to be reformulated in a
convenient way; we can consider the dimension of the ideal generated by in(I) in the
polynomial ring over K in the same indeterminates.
Note that the calculations g ctf and g cft, where ft = tf, have almost the same
cost in polynomial rings. But in algebras of solvable type the rst calculation is often
much more expensive than the second. Hence, the Pommaret basis approach for algebras
of solvable type seems to be even more promising than for polynomial rings.
We will close this paper with a remark concerning other types of involutive bases.
Recall that the basic idea of involutive bases is the restriction of the divisibility of power
products. In the theory of Janet bases, introduced in Zharkov (1994b), the set of divisors
of a power product depends not only on the power product itself but also it is de ned
relative to a set of non-zero polynomials. While the notions of divisibility used in the
theories of Grobner and Pommaret bases can be described in suitable associated graded
rings, a similar approach will not work for Janet bases.
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